Abstract. The linear stability of two-dimensional boundary layer flow of an incompresible viscous fluid over a flat deformable sheet is investigated when the sheet is stretched in its own plane with an outward velocity proportional to the distance from a point on it. Using Galerkin's method the stability equations are solved for three-dimensional disturbances periodic in a direction normal to the plane of the basic flow and it is shown that the flow is stable.
1. Introduction. Flow in the boundary layer over moving solid surfaces was investigated by Sakiadis [1] , Due to the entrainment of the ambient fluid, this boundary layer is different from that in Blasius flow over a flat plate. Erickson, Fan and Fox [2] extended this probem to the case when the transverse velocity at the moving surface is non-zero and is such that similarity solutions exist. These studies have bearing on the problem of a polymer sheet extruded continuously from a die and are based on the tacit assumption that the moving sheet is inextensible. But situations may also arise in the polymer industry where one has to deal with flow over stretching plastic sheet. McCormack and Crane [3] gave a similarity solution in closed analytical form for steady two-dimensional boundary layer flow over such a sheet which is stretched with a velocity proportional to x (i being the distance along the sheet). The corresponding nonsimilar solution for the same problem in the presence of a uniform free stream velocity was obtained by Danberg and Fansler [4]-However the stability of the flow over a stretching sheet does not seem to have received any attention despite its importance in the polymer industry. The purpose of this paper is to study the linear stability of the flow examined in [3] for three-dimensional disturbances.
2. Stability analysis. Consider the flow of an incompressible viscous fluid past a sheet coinciding with the plane y = 0. Two equal and opposite forces are introduced along the *-axis so that the sheet is stretched keeping the origin fixed. In a polymer processing "Received July 17, 1984.
©1985 Brown University application, the above situation is similar to the case of a flat sheet issuing from a thin slit at the origin {x = 0, y = 0) and subsequently being stretched. Assuming boundary layer approximations, the equations of continuity and momentum in the usual notations are
respectively. The boundary conditions are u0 = cx, v0 = 0 at v = 0; u0 -■► 0 asy -> oo,
c being a positive constant. The similarity solution of the above system was given in [3] and [4] as
where
The justification for assuming a linear velocity for the sheet as given by (3) is as follows. As pointed out by Vleggaar [5] , in a polymer processing application involving spinning of filaments without blowing, laminar boundary layer occurs over a relatively small length of the spinning zone: 0.0-0.5m from the die which may be taken as the origin of Fig. 1 . This is in fact the zone over which the major part of the stretching (and also heat transfer) takes place. In such a process the initial velocity is low (about 0.3m/s), and a good approximation of the velocity of the filament or sheet is u0 = cx (at any rate for the first 10-60cm of the spinning zone), where c is the constant velocity gradient. However, it should be noted that in actual practice, the stretching filament or sheet may not always conform to the linear speed assumed here. We now study the stability of the solution given by (4) . Since the form of this solution is similar to that for a two-dimensional stagnation-point flow, we examine, following Gortler [6] , the stability of (4) with respect to disturbances periodic in a direction normal to the plane of the basic flow. It may be noted that Hammerlin's [7] detailed study of the disturbance differential equations derived by Gortler suggests that instability can occur in the form of Taylor-Gortler vortices.
We take the perturbed state as
P =Po + P =Po+ pvcf4(r), z,t),
where «0 and d0 are given by (4), p0 denotes the basic pressure distribution and w denotes the perturbation velocity component normal to the xy-plane. Following Gortler, we assume that the perturbations are periodic in z and have an exponential time-dependence as follows:
The linearized three-dimensional perturbation equations are now 3u 3d 3w , .
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where v2 is the three-dimensional Laplace operator. Substitution of (6) in (7)- (10) gives upon using (4),
where a prime denotes derivative with respect to rj and a2 = va2/c, P = P/c.
The no-slip boundary conditions are u1 = v1 = wx = 0 at tj = 0 (16) and since the perturbations vanish at infinity, we must have ul = vx = Wj = 0 as 7j -> oo.
Using (16) and (17) in (11) gives v\ = 0 at tj = 0 and tj = oo. Thus the boundary conditions become ux = vx = v\ = 0 at 7) = 0 and tj = oo.
Elimination of wx and px from (11), (13) and (14) gives'
Differentiating (12) with respect to tj and combining with (19), we get
Eqs. (12) and (20) become
Further the boundary conditions (18) reduce to = vx = Lvx = 0 at T = 0 and at T = 1.
Equations (22) and (23) subject to the boundary conditions (24) constitute an eigenvalue problem for stability. To solve the above system we use Galerkin's method, a succinct account of which is given by Duncan [8] . We expand ux in a set of trial functions
each of which satisfies (24). Similarly vx is expanded in the following set
each of which also satisfies (24). We begin with one-term approximation
where A and B are constants and introduce the following notation
Then it can be readily shown that 
= GT{ 1 -T)2 + HT2{ 1 -T f = G/1-2 + Hf2 2,
where E, R, G and H are constants. It is important to note that in (35a), fl x and /2>1 are linearly independent. Similarly f12 and /2 2 in (35b) are also linearly independent. Such linear independence is necessary for the application of Galerkin's method. We then 
Since in both the quadratic factors, the coefficients are all positive for real values of a, it follows that /? can neither be positive nor can it have positive real part. Hence the flow is stable.
As a specific example, we assume a2 -10. In this case Eq. (34) based on one-term approximation gives the following values for /?. However to make sure that we indeed get good convergence we next proceed to the three-term approximation.
where J, K,...,Q are constants. Omitting the details of calculation and proceeding in exactly the same way as before, we find after a fairly heavy algebra the dispersion relation for the stability problem as UV= 0.
Here U and V are both cubic polynomials in /? given by U = 36/P +(2214 + 108a2)/P +(19164 + 4428a2 + 108a4)/? 
respectively, the other roots being -18.43 and -61.42 for U= 0 and -19.52 and -80.03 for V -0. On comparing the values of and yS2 from (44), (45) and (54), we find that the convergence of the Galerkin method using 3-term approximation is fairly good and there is hardly any point in continuing this approximation any further, which will only involve cumbersome algebra.
3. Discussion. It is worth pointing out that the two dimensional flow whose stability is discussed here is akin to both stagnation-point flow and an asymptotic suction profile. The stability of this flow on a deformable wall is studied with respect to Gortler-type disturbances because the streamlines are curved. It turns out that the flow is stable and this may be explained physically as follows. In such a flow there are certainly regions where the circulation (product of local velocity and the local radius of curvature of the streamline for the basic flow) decreases as the local centre of curvature is approached normal to the curved streamlines. This is due to the fact that the fluid velocity increases as the sheet is approached due to the stretching of the sheet. Thus Rayleigh's criterion [10] suggests stability. In a two-dimensional stagnation-point flow, however, the above circumstances are reversed and one does find centrifugal instability as in the analyses of Gortler and Hammerlin.
It should be noted, however, that our stability analysis is confined to infinitesimal Gortler-type disturbances, which are non-propagating. It cannot, therefore, be ruled out that the flow may be unstable to other types of disturbances which may be infinitesimal or STABILITY OF VISCOUS FLOW OV£R A STRETCHING SHEET 367 of finite amplitude. Experiments are, therefore, needed to confirm our theoretical prediction about stability. Nevertheless we feel that the present study, albeit confined to linear theory, throws some light on the stability of a flow having important bearing on polymer industry.
